We investigate the characterization of almost periodic C-semigroups, via the Hille-Yosida space Z 0 , in case of R(C) being non-dense. Analogous results are obtained for C-cosine functions. We also discuss the almost periodicity of integrated semigroups.
which A generates an almost periodic semigroup of class C 0 of contractions (Theorem 2.6). The key fact here is that a solution of the abstract Cauchy problem is almost periodic in Z 0 if and only if it is almost periodic in X. The same method applies to the case of asymptotic almost periodicity of C-semigroups; but this is the subject of another paper ( [18] ). Theorem 4.2 gives the analogous result for C-cosine functions. We also consider the periodicity (Theorems 2.8 and 4.3). Our results generalize the corresponding ones in [21] .
If σ(A) ∩ iR is at most countable, then a C-semigroup T (t) is almost periodic if and only if e −λt T (t)x has uniformly convergent means for λ ∈ σ(A) ∩ iR, x ∈ X. This is proved in Theorem 2.9.
In Section 3 the almost periodicity of integrated semigroups is discussed. Theorem 3.3 asserts that, if A generates a bounded (r−A) −1 -semigroup T (t) and a bounded integrated semigroup S(t), then T (t) is almost periodic if and only if S(t) is almost periodic. Theorem 3.3 relates almost periodicity of bounded (r − A) −1 -groups and bounded integrated groups to uniformly convergent means.
Throughout this paper, X will be a Banach space, the dual space will be denoted by X * . All operators are linear. The space of all bounded linear operators on X will be denoted by B(X). C ∈ B(X) will be injective. For an operator A, we will write D(A) for its domain, R(A) for its range. Finally, J = R or R + , where R + = [0, ∞).
Preliminaries.
First, we recall the definition and basic properties of C-semigroups or groups. Definition 1.1. A strongly continuous family
x dt for all x ∈ X and Re λ > 0. Next, we need to introduce the Hille-Yosida space for an operator; for the details we refer to [8] . Definition 1.3. Suppose A has no eigenvalues in (0, ∞) and is a closed linear operator. The Hille-Yosida space for A, Z 0 , is defined by Z 0 = {x ∈ X : the Cauchy problem u (t) = Au(t), u(0) = x has a bounded uniformly continuous mild solution u(·, x)} with
Lemma 1.4 ([8]). Let A generate a bounded strongly uniformly continuous C-semigroup T (t).
Then R(C) ⊂ Z 0 and A| Z 0 generates a contraction semigroup of class C 0 given by S(t) = C −1 T (t) and
x is bounded and uniformly continuous} with
Now we introduce the notion of a mild C-existence family, which is more general than C-semigroup.
, if for every ε > 0, there exists l > 0 such that every subinterval of J of length l contains at least one τ satisfying f (t + τ ) − f (t) ≤ ε for all t ∈ J.
(b) Let F (t) ∈ B(X) (t ∈ J) be a strongly continuous operator family. Then F (t) is almost periodic if for every x ∈ X, F (·)x is almost periodic;
We collect some basic results on vector-valued almost periodic functions in the following lemma (see [21] ). 
t) exists and is uniformly continuous, then f ∈ AP(R, X).
The following lemma follows immediately from Lemmas 1.4 and 1.7. 
Almost periodic C-semigroups and C-groups.
In this section, we discuss the almost periodicity of C-semigroups and C-groups. The following is the main result of this section.
Theorem 2.1. Let T (t) be a C-semigroup on X with generator A. Then T (t) is almost periodic if and only if
So we have
Hence T (t)x = e tA| Z 0 Cx ∈ AP(R + , X), and so T (t) is almost periodic. Necessity. Define P r x = lim t→∞ t −1 t 0 e −irs T (s)x ds for each r ∈ R and x ∈ X. Then by Lemma 1.7(c) and from the proof of [21, Theorem 2.1], we know that P r x exists and belongs to D(A) with AP r x = irP r x. Thus,
Hence, T (t)P r x ∈ R(C) and C −1 T (t)P r x = e irt P r x is bounded, and uniformly continuous. This implies
For every x ∈ X, since t → T (t)x is bounded and uniformly continuous, we see that T (t)x ∈ Z 0 for t ≥ 0. Next, we show T (t)x ∈ AP(R + , Z 0 ). Since T (t)x ∈ AP(R + , X), for every ε > 0, there exists l > 0 such that every subinterval of R + of length l contains at least one τ satisfying sup
where all the closures are taken in Z 0 . Now we have the following result ([21, Theorem 2.1]) as a corollary.
Corollary 2.2. If R(C) = X, then T (t) is an almost periodic C-semigroup with generator A if and only if T (t) is bounded and X
Proof. The sufficiency is obvious. For the converse, since Z 0 → X, a Cauchy sequence in Z 0 is also a Cauchy sequence in X, so that (Z 0 ) a ⊆ X a . By Theorem 2.1, R(C) ⊂ (Z 0 ) a , hence R(C) ⊂ X a ; taking closure on both sides yields X = X a . Proof. From the proof of Theorem 2.1, we see that T (t) almost periodic on X implies T (t) = S(t)(r − A) −n is almost periodic on Z 0 . Applying Lemma 1.7(h) n times, we deduce that S(t) is almost periodic. The converse holds since T (t) = S(t)C and Z 0 → X.
The following theorem clarifies the relations between almost periodic C-semigroups and semigroups of class C 0 . 
Proof. Let S(t) be the semigroup of class C 0 generated by A| Z 0 . Since S(t)x = e irt x, for Ax = irx, S(t) clearly takes I to itself, therefore, since Remark 2.7. We can consider (Z 0 ) a for any closed operator A with s − A injective for s > 0. The results of Theorem 2.5 are also true, and it is not hard to see that (Z 0 ) a equals the set of all almost periodic orbits.
S(t) is continuous, it takes the closure of I to itself, that is to say, S(t)(Z
0 ) a ⊂ (Z 0 ) a . Set W = (Z 0 ) a ;
Theorem 2.8. Assume that A generates a C-group T (t). Then T (t) is a periodic C-group with period p if and only if
σ C (A) ⊂ (2πi/p)Z and R(C) ⊂ (Z 0 ) a .
Proof. Necessity. By Lemma 1.2(b) and the fact that T (p) = C,
Combining this with T (s)Ax = AT (s)x for every x ∈ D(A), we get σ C (A) ⊂ (2πi/p)Z, while R(C) ⊂ (Z 0 ) a follows from Theorem 2.1.
Sufficiency. If x ∈ ker(2πik/p − A) for some k ∈ Z, then T (t)x = e 2πikt/p Cx, which implies T (t + p)x = T (t)x for t ∈ R; the same holds for every x ∈ I. Since T (t) is continuous in Z 0 , we have T (t + p)x = T (t)x for all x ∈ (Z 0 ) a ; in particular, T (t + p)Cx = T (t)Cx for all x ∈ X by our assumption R(C) ⊂ (Z 0 ) a , therefore, since C is injective, we obtain
It is shown in [1] that every almost periodic semigroup of class C 0 can be extended to an almost periodic group; from [21, Theorem 3.1], we know that every almost periodic C-semigroup can also be extended to an almost periodic C-group. So we can assume that A generates an almost periodic C-group. 
Proof. By [21, Theorem 3.1], A and −A generate C-semigroups T (t) and T (−t) (t ≥ 0), respectively, so that the Cauchy problem u (t) = Au(t) has a bounded uniformly continuous mild solution T (t)x on R.
Suppose S(t) is the semigroup of class C 0 generated by A| Z 0 . From the proof of Theorem 2.1, we know T (t)x is almost periodic if and only if S(t)Cx is almost periodic in Z 0 . To see that (b) implies (a), by [17, Theorem 4.4] , we only need to show that e −λt S(t)Cx has uniformly convergent means in Z 0 for λ ∈ σ(A| Z 0 ) ∩ iR. This can be achieved by a small modification of [9, Theorem 4] .
(a)⇒(b) is trivial, since T (t)x and e −λt T (t)x (λ ∈ iR) are almost periodic. 
Almost periodicity of integrated semigroups. An integrated semigroup is a strongly continuous family S(t) such that S(0) = 0 and

S(t)S(s) =
Suppose T (t) and S(t) are bounded, and strongly uniformly continuous. If S(t) is almost periodic, then S(t)(r − A) −1 x is almost periodic, and
Conversely, suppose T (t) is almost periodic, and X does not contain an isomorphic copy of c 0 . Since
is bounded, we conclude that t 0 T (s)x ds is bounded; by Lemma 1.7(f), t 0 T (s)x ds is almost periodic, therefore so is S(t)x.
Combining the above with Theorem 2.1, we have 
t), then A also generates an integrated semigroup S(t). However, the almost periodicity of T (t) does not guarantee the almost periodicity of S(t).
In fact, if T (t) is periodic with period p, and
is not bounded, so that S(t)x is not bounded. So the assumption that S(t) is bounded in Theorem 3.1 is necessary.
(b) The assumption that X ⊃ c 0 is not needed for the implication (b)⇒(a) of Theorem 3.1; the same holds for (b)⇒(a) of Theorem 3.3.
Let C = (r − A) −1 . Suppose A generates a C-group T (t). Then A and −A generate C-semigroups T (t) and T (−t) (t ≥ 0), respectively. Hence A and −A also generate integrated semigroups S(t) and S(−t) (t ≥ 0) such that 
thus we get (c).
Almost periodic C-cosine functions.
A C-cosine function C(t) is a strongly continuous operator family such that C(0) = C and 2C(t)C(s) = C(t + s)C + C(s − t)C for all t, s ∈ R. The corresponding C-sine function, S(t), is defined by S(t) = For more details on cosine and C-cosine functions, we refer to [11, 19, 21] .
First we introduce the interpolation space for C-cosine functions (cf. Using the above results and arguments similar to those in Section 2, we can prove the following theorem on the almost periodicity of C-cosine functions. Finally, we characterize the periodicity of C-cosine functions. 
